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MONOID HECKE ALGEBRAS

MOHAN S. PUTCHA

Abstract. This paper concerns the monoid Hecke algebras H introduced by
Louis Solomon. We determine explicitly the unities of the orbit algebras asso-
ciated with the two-sided action of the Weyl group W . We use this to:

1. find a description of the irreducible representations of H,
2. find an explicit isomorphism between H and the monoid algebra of the

Renner monoid R,
3. extend the Kazhdan-Lusztig involution and basis to H, and
4. prove, for a W ×W orbit of R, the existence (conjectured by Renner) of

generalized Kazhdan-Lusztig polynomials.

Introduction

A monoid analogue of the Iwahori-Hecke algebra [11] was obtained by Solomon
[27]–[29]. In an earlier paper [19] the author studied Solomon’s monoid Hecke al-
gebras by studying the associated orbit algebras. These orbit algebras arise from
the two-sided action of the Weyl group W on the Renner monoid R. In particular,
the coefficients of the unity of the empty level orbit algebra were shown to be Rx,y,
where Rx,y are polynomials introduced by Kazhdan and Lusztig [12]. The other
orbit algebras were also shown to have unities, but their coefficients were only im-
plicitly given. In this paper we give an explicit formula for the unities of all the
orbit algebras, thereby obtaining a description of the irreducible representations of
monoid Hecke algebras. We also obtain an explicit, but very complicated, isomor-
phism between the monoid Hecke algebra and the monoid algebra of R, solving a
problem posed by Solomon [28]. We go on to extend to the monoid Hecke algebra
the Kazhdan-Lusztig involution and basis for the (group) Iwahori-Hecke algebra.
This then immediately yields polynomials Pθ,σ for θ, σ in the same W ×W orbit
of R, partially solving a problem posed by Renner [26]. These polynomials are still
mysterious; however, in the simplest case they are products of relative Kazhdan-
Lusztig polynomials introduced by Deodhar [6].

1. Reductive monoids and monoids of Lie type

Consider the general linear group G = GLn(F ) over an algebraically closed field
F . It is the unit group of the multiplicative monoidM = Mn(F ) of all n×nmatrices
over F . This monoid has the following structure. The diagonal idempotents form
a Boolean lattice with respect to the natural order of idempotents:

f ≤ e if ef = fe = f.
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The G×G orbits have a cross-section Λ of idempotents

er =

[
Ir 0
0 0

]
.

These idempotents and hence the G × G orbits are linearly ordered according to
rank. The orbit Jr = GerG consists of all rank r matrices and gives rise to the
orbit semigroup

J0
r = GerG ∪ {0},

where for a, b ∈ Jr,

a · b =

{
ab if ab ∈ Jr,

0 otherwise.

We also have the orbit monoid

M(Jr) = G ∪ J0
r .

The idempotents in Jr are all conjugate, and hence M(Jr) is completely determined
by the parabolic subgroups

Pr = {g ∈ G|ger = erger} =

{[
A B
0 C

]
|A ∈ GLr

}
,

P−
r = {g ∈ G|erg = erger} =

{[
A 0
B C

]
|A ∈ GLr

}
,

and the natural homomorphisms δ+ : Pr → GLr and δ− : P−
r → GLr. We write

M(Jr) as M(G,Pr, P
−
r , GLr) with δ+, δ− being understood to be part of the data.

There are two deficiencies with the monoid M . First, only maximal parabolics
arise as Pr, and second, the orbit monoids are not submonoids of M . Both of these
drawbacks can be handled by considering the representation θ of M given by

θ(a) = ∧1(a)⊗ ∧2(a)⊗ · · · ⊗ ∧n(a),

the tensor product of all exterior powers of a. The representation θ has the effect
of killing the singular part of M , because θ(M) = θ(G) ∪ {0}. However, taking

the Zariski closure of θ(M) yields an amazing monoid M̃ . Again there is a G ×G
cross-section Λ of idempotents, but this time Λ\{0} is a Boolean lattice isomorphic
to the power set of the Dynkin diagram of G. Moreover, any parabolic subgroup is

associated with a unique orbit monoid, which now is a submonoid of M̃ . Further,
the lattice of diagonal idempotents is the dual of the Coxeter complex.

Both M and M̃ are examples of reductive monoids. The theory of reductive
monoids has been well developed by Renner and the author; cf. [17]. In particular
the author [16] has proved the existence of a cross-section lattice Λ and has shown
that the orbit monoids are of the form M(G,P, P−, L/K) for some pair of opposite
parabolics P, P−, K / L = P ∩ P−. Renner [24] has shown the existence of the
finite inverse monoid

R = 〈W,Λ〉,
where W is the Weyl group of G such that

M =
⊔
σ∈R

BσB,

where B is the Borel subgroup G. We call R the Renner monoid of M .
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The theory of monoids of Lie type is an attempt to accomplish the above for
finite groups of Lie type. Let G be a finite group of Lie type with Weyl group W
and Borel subgroup B. The most convenient definition of a monoid M of Lie type
(with unit group G) is also the most general, and is due to the author [18]. The
definition is simply that all the orbit monoids are of the form

M(G,P, P−, L/K),

where P, P− are opposite parabolic subgroups, L = P ∩P−, K /L. These monoids
have been classified by the author [18], [20] using the theory of buildings [30] and
the ideas of Renner and the author [21] for reductive monoids. Renner and the

author [22] obtained an analogue of the canonical monoid M̃ for any finite group
G of Lie type.

Let M be a monoid of Lie type with unit group G. There is again a cross-
section lattice Λ for the G×G orbits. There is also an analogue of Renner monoid
R = 〈W,Λ〉 such that

M =
⊔
σ∈R

BσB.

We refer to [18] for details. We will let ≤ and ` denote the Bruhat order and the
length function, respectively, on the Weyl group W ; cf. [10]. For e ∈ Λ, let

W (e) = {x ∈ W |xe = ex},
We = {x ∈ W |xe = e} / W (e).

Then both W (e) and We are parabolic subgroups of W , and W (e) is the direct
product of We and the Weyl group of the unit group of eMe. Let

D(e) = {x ∈W |x is of minimum length in xW (e)},
De = {x ∈W |x is of minimum length in xWe}.

Now

R =
⊔
e∈Λ

WeW,

and each element σ ∈WeW can be uniquely written as

σ = xey−1, x ∈ De, y ∈ D(e).

We call this the standard form of σ. If w0, v0 are respectively the longest elements
of W and W (e), then w0v0 is the longest element of D(e). Following Solomon [27],
[29] and Renner [25], we let

`(e) = `(w0v0)

and, for σ = xey−1 in standard form,

`(σ) = `(x) + `(e)− `(y).

It is shown in [25] that

`(σ) = 0 if and only if σB = Bσ.

If σ = xey−1 and θ = sft−1 in standard form, then define

σ ≤ θ if e ≤ f and x ≤ sw, tw ≤ y for some w ∈W (f)We.(1)
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We have shown in [15] that in the analogous situation for reductive monoids, σ ≤ θ
if and only if BσB is contained in the Zariski closure of BθB. For this reason we
say that σ is triangular if σ ≤ 1. Thus, if σ = xey−1 in standard form,

σ is triangular if and only if x ≤ y.(2)

If σ ∈ WeW and θ ∈WeW , then

σ ≤ θ implies `(σ) ≤ `(θ).

2. Hecke algebras

Let G be a Chevalley group defined over Fq, B,B− opposite Borel subgroups of
G, T = B∩B−, B = UT , B− = U−T , and W the Weyl group of G with generating
set S of simple reflections. If x ∈ W , let ẋ denote a coset representative in G. Let

ε =
1

|B|
∑
b∈B

b ∈ C[G].

The Iwahori-Hecke algebra

HC(G) = HC(G,B) = εC[G]ε

is a semisimple algebra that is isomorphic to C[W ] by a theorem of Tits (cf. [1],
[4]). Clearly HC(G,B) has a basis

Ax = εxε, x ∈W.

This basis is normalized as

Tx = q`(x)Ax, x ∈ W.

With respect to this basis, Iwahori [11] showed that the structure constants are
integer polynomials in q, depending only on W . In particular,

Txy = TxTy, Axy = AxAy if `(xy) = `(x) + `(y).(3)

One can therefore consider the generic Hecke algebra H(W ) with basis Tx (x ∈W )
over Z[q1/2, q−1/2], where q is now being treated as an indeterminate. Specifying q
and tensoring with C, one recovers HC(G,B). Kazhdan and Lusztig [12] introduced
an involution on H(W ) given by

q1/2 = q−1/2, T x = T−1
x−1 =

∑
y∈W

q−`(y)Ry,xTy,(4)

where Ry,x = Ry,x(q) ∈ Z[q]. These polynomials are nonzero exactly when y ≤ x,
and have been studied in detail by Deodhar [5]. We see by (3) that

Ax = A−1
x−1 = q`(x)

∑
y∈W

Ry,xAy.(5)

Now let M be a monoid of Lie type with unit group G, cross-section lattice Λ
and Renner monoid R. We let C[M ] denote the complex monoid algebra of M .
By a result of Okniński and the author [14], C[M ] is always semisimple. Following
Solomon [27]–[29], we introduce the monoid Hecke algebra

HC(M) = HC(M,B) = εC[M ]ε.
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Since C[M ] is semisimple, so is HC(M,B). Using this fact, Solomon [27], [29] has
proved that HC(M,B) ∼= C[R]. This algebra has been further studied by the author
[19]. Clearly, HC(M,B) has a basis,

Aσ = εσε, σ ∈ R.

Following Solomon [27], [29], we normalize this basis as

Tσ = q`(σ)Aσ, σ ∈ R.

Fix e ∈ Λ. Then for some I ⊆ S we have W (e) = WI and

PI = {x ∈ G|xe = exe},
P−
I = {x ∈ G|ex = exe}.(6)

Let L = PI∩P−
I . So PI = LUI and P−

I = LU−
I , where UI and U−

I are the unipotent

radicals of PI , and P−
I , respectively. Then UIe = eU−

I = {e} and BL = B ∩ L is a
Borel subgroup of L. By [1, Propositions 2.3.3 and 2.5.15],

yBLy
−1 ⊆ B, y−1By ⊆ U−

I B for all y ∈ D(e).(7)

Hence, for all y ∈ D(e),

Aey−1Ay = εey−1εyε = εeε = Ae.

So

Aey−1 = AeA
−1
y = AeAy−1 for all y ∈ D(e).(8)

Let x ∈W . Then for b ∈ B, be = eb1 for some b1 ∈ BL. So for y ∈ D(e),

εxbey−1ε = εxeb1y
−1ε

= εxey−1 · yb1y−1 · ε
= εxey−1ε, by (7).

Thus AxAey−1 = Axey−1 . So by (8),

Axey−1 = AxAeAy−1 for x ∈W, y ∈ D(e).(9)

Now let

ε1 =
1

|BL|
∑
b∈BL

b, ε2 =
1

|UI |
∑
u∈UI

u.

Then ε = ε1ε2 = ε2ε1. So for z ∈W (e),

AzAe = εzεeε = εzeε = εezε

= εezε2ε = εeε2zε = εε1eε2zε = εeε1ε2zε

= AeAz.

So, by (9),

Aze = AzAe = AeAz for z ∈W (e).(10)

Now let e, f ∈ Λ and x ∈W . Then x = zy−1 for some z ∈W (e) and y ∈ D(e). So

AeAxAf = AeAzAy−1Af , by (3)

= AzAeAy−1Af , by (5), (10)

= AzAey−1Af , by (8)

= AzAey−1f .
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So by (5), (9), (10), we have

Theorem 2.1. The structure constants of HC(M,B) with respect to the basis Aσ

(σ ∈ W ) and hence with respect to the basis Tσ (σ ∈ w) are integer Laurent poly-
nomials in q, depending only on R.

Remark 2.2. Solomon [27], [29] has actually proved much more. He showed that
HC(M,B) has a presentation given by

TsTσ =


qTσ if `(sσ) = `(σ),

Tsσ if `(sσ) = `(σ) + 1,

qTsσ + (q − 1)Tσ if `(sσ) = `(σ)− 1,

TνTσ = q`(σ)−`(νσ)Tνσ

for s ∈ S, σ, ν ∈ R, `(ν) = 0.

Because of Theorem 2.1 we can consider the generic monoid Hecke algebra H(R)
with basis Aσ (σ ∈ R) or equivalently Tσ (σ ∈ R) over Z[q1/2, q−1/2], where q is
now being treated as an indeterminate. Specifying q and tensoring with C, one
recovers HC(M,B).

3. Orbit algebras

The idea here is very simple and is a key ingredient of semigroup representation
theory (cf. [2, Chapter 5]): If I is an ideal of a semisimple algebra A, then A ∼=
I⊕A/I. Let M be a monoid of Lie type with unit group G, cross-section lattice Λ,
Weyl group W and Renner monoid R. Since C[M ] is semisimple by [14], we have

C[M ] ∼=
⊕
J

C0[J
0],(11)

where the summation is over the G×G orbits J and C0[J
0] is the contracted semi-

group algebra; i.e. the zero of J0 is the zero of the algebra. Making the isomorphism
in (11) explicit is a difficult open problem. For a G×G orbit J , let

HC(J) = HC(J,B) = εC0[J
0]ε.

Call this an orbit Hecke algebra. As in (11), if we use the natural order on Λ and
proceed inductively, beginning with the least element of Λ, we have

HC(M,B) ∼=
⊕
J

HC(J,B),(12)

where the summation is over the G × G orbits J . We will make the isomorphism
in (12) explicit in Theorem 3.3. We note that HC(J,B) is an ideal of HC(M,B)/I,
where

I =
∑
J′<J

HC(J ′, B).

Hence

ĤC(J) = ĤC(J,B) = HC(J,B) +HC(G,B)

is a subalgebra of HC(M,B)/I. We call it the augmented orbit Hecke algebra. Now
fix e ∈ Λ and let J = GeG. Let I ⊆ S, PI , P

−
I , L,BL be as in (6). The author [19,

Section 2] has shown that if x, y ∈ D(e), then, in HC(J),

Aex−1Aye = Qx,yAe,(13)
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where

Qx,y =
∑

w∈W (e)

|x−1By ∩ U−
I BLwB|

|B| Aw.(14)

Let P = PI and P− = P−
I , and consider the natural map

ξ : P−P = U−
I LUI → L.

If w ∈ W (e), then

ξ(B−wB) = B−
LwBL =

⊔
z∈W (e)

(B−
LwBL ∩BLzBL).

Let x, y ∈ D(e). Then by (7)

BLx
−1ByBL = x−1 · xBLx

−1 · B · yBLy
−1 · y ⊆ x−1By.(15)

Let x, y ∈ D(e), z, w ∈ W (e), a ∈ x−1By ∩ B−wB be such that ξ(a) ∈ BLzBL.
Then BLzBL = BLξ(a)BL. Let b1, b2 ∈ BL be such that b1ξ(a)b2 ∈ B−

LwBL. Now

by (15), b1ab2 ∈ x−1By. Also a = vξ(a)u for some v ∈ U−
I , u ∈ UI . So

b1ab2 = b1vξ(a)ub2

= b1vb
−1
1 · b1ξ(a)b2 · b−1

2 ub2

∈ U−
I B

−
LwBLUI

= B−wB

and ξ(b1ab2) = b1ξ(a)b2. Thus, for x, y ∈ D(e) and z, w ∈W (e),

BLzBL ∩ ξ(x−1By ∩B−wB) 6= ∅

implies

BLzBL ∩B−
LwBL ⊆ ξ(x−1By ∩B−wB).

For z, w ∈ W (e), let

Xz,w = x−1By ∩ ξ−1(BLzBL ∩B−
LwBL).

Then

Xz,w 6= ∅ implies ξ(Xz,w) = BLzBL ∩B−
LwBL.(16)

Suppose Xz,w 6= ∅, and let a ∈ Xz,w. Then ξ(a) = b1żb2 for some b1, b2 ∈ BL. Let
c ∈ Xz,w be such that ξ(a) = ξ(c). Then for some v ∈ U−

I , u ∈ UI ,

c = vb1żb2u

= b1 · b−1
1 vb1 · ż · b2ub−1

2 · b2
= b1v1żu1b2 with v1 = b−1

1 vb1 ∈ U−
I , u1 = b2ub

−1
2 ∈ UI .

Also by (15)

v1żu1 = b−1
1 cb−1

2 ∈ b−1
1 x−1Byb−1

2 ⊆ x−1By.

Thus

v1żu1 ∈ x−1By ∩ U−
I żUI .

Conversely, if v1 ∈ U−
I , u1 ∈ UI with v1żu1 ∈ x−1By, then by (15),

c = b1v1żu1b2 = b1v1b
−1
1 · b1żb2 · b−1

2 u1b2 ∈ x−1By ∩ U−
I ξ(a)UI .
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Hence, c ∈ Xz,w and ξ(a) = ξ(c). Thus each fibre of ξ restricted to Xz,w has

cardinality |x−1By ∩ U−
I żUI |. Hence by (16)

Xz,w 6= ∅ implies |Xz,w| = |BLzBL ∩B−
LwBL| · |U−

I żUI ∩ x−1By|.
Now suppose BLzBL ∩ B−

LwBL 6= ∅ and U−
I żUI ∩ x−1By 6= ∅. Then for some

v ∈ U−
I and u ∈ UI we have vżu ∈ x−1By. Also for some b ∈ BL, bż ∈ B−

LwBL.
Then by (15)

bvżu = bvb−1 · bż · u ∈ Xz,w.

So Xz,w 6= ∅. Hence in all cases

|Xz,w| = |BLzBL ∩B−
LwBL| · |U−

I żUI ∩ x−1By|.
Thus

|x−1By ∩B−wB| =
∑

z∈W (e)

|Xz,w|

=
∑

z∈W (e)

|BLzBL ∩B−
LwBL| · |U−

I żUI ∩ x−1By|.
(17)

Now by [12], [5]

|BLzBL ∩B−
LwBL| = Rw,z|BL|,

and by (15)

|BL| · |U−
I żUI ∩ x−1By| = |U−

I BLzUI ∩ x−1By|
= q−`(z)|U−

I BLzB ∩ x−1By|.
Hence

|BLzBL ∩B−
LwBL| · |U−

I żUI ∩ x−1By|
= q−`(z)Rw,z|U−

I BLzB ∩ x−1By|.(18)

By [12], the inverse of the matrix (q−`(z)Rw,z) is ((−1)`(z)+`(w)q`(w)Rw,z). Thus by
(17), (18)

|U−
I BLwB ∩ x−1By| = q`(w) ·

∑
z∈W (e)

(−1)`(z)+`(w)Rw,z|B−zB ∩ x−1By|.(19)

Let z ∈W (e), U−
L = U− ∩B−

L , UL = U ∩BL, and

X = {v ∈ U−
L |zvz−1 ∈ U−

L },
Y = {v ∈ U−

L |zvz−1 ∈ UL}.
Then

x−1By ∩B−zB = x−1By ∩ U−
I U

−
L zB

= x−1By ∩ U−
I zXB

= x−1By ∩ zU−
I XB
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and

|x−1By ∩ zB−B| = |x−1By ∩ zU−
I U

−
L B|

= |x−1By ∩ U−
I zU

−
LB|

= |x−1By ∩ U−
I zY XB|

= |x−1By ∩ U−
I zY z

−1 · zXB|
= |x−1By ∩ zY z−1 · U−

I zXB|
= |zY z−1| · |x−1By ∩ U−

I zXB|, by (15)

= q`(z)|x−1By ∩ zU−
I XB|

= q`(z)|x−1By ∩B−zB|.
Hence

|x−1By ∩ zB−B| = q`(z)|x−1By ∩B−zB|.(20)

By [19, Theorem 2.4]

|x−1By ∩ zB−B| = |z−1x−1By ∩B−B|
= |B| · q`(xz)−`(y)Rxz,y.

Hence, by (20)

|x−1By ∩B−zB| = |B| · q`(x)−`(y)Rxz,y.(21)

So by (14), (19), (21),

Qx,y =
∑

w∈W (e)

q`(w)
∑

z∈W (e)

(−1)`(z)+`(w)q`(x)−`(y)Rw,zRxz,y · Aw.(22)

Now consider the generic monoid Hecke algebra H(R). Fix e ∈ Λ and let

I =
∑

σ∈WfW
f<e

Z[q1/2, q1/2]Aσ.(23)

Then the orbit Hecke algebra

H(e) =
∑

σ∈WeW

Z[q1/2, q−1/2]Aσ

is an ideal of H(R)/I. Again we call

Ĥ(e) = H(e) +H(W )

the augmented orbit Hecke algebra.

Since (13), (22) are valid for all q, they are valid in Ĥ(e). Now in Ĥ(e),

Qx,y = q`(x)−`(y) ∑
z∈W (e)

Rxz,y

∑
w∈W (e)

(−1)`(z)+`(w)q`(w)Rw,zAw

= q`(x)−`(y) ∑
z∈W (e)

Rxz,y

∑
w∈W (e)

q`(z)Rw,zAw

= q`(x)−`(y) ∑
z∈W (e)

Rxz,yAz , by (5).
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By [19, Theorem 3.1], the unity of H(e) is obtained by inverting the matrix (Qx,y).
Now for y ∈ D(e) we have

Ay = q−`(y)
∑
w∈W

Rw,yAw, by (5)

= q−`(y)
∑

x∈D(e)

∑
z∈W (e)

Rxz,yAxz

= q−`(y)
∑

x∈D(e)

Ax

∑
z∈W (e)

Rxz,yAz, by (3)

=
∑

x∈D(e)

q−`(x)AxQx,y.

So, for x ∈ D(e),

Ax =
∑

w∈D(e)

q`(w)AwQw,x.

Hence

Ay =
∑

x∈D(e)

∑
w∈D(e)

q`(w)−`(x)AwQw,xQx,y

=
∑

w∈D(e)

Aw

 ∑
x∈D(e)

q`(w)−`(x)Qw,xQx,y

 .

Thus, for y, w ∈ D(e), ∑
x∈D(e)

q`(w)−`(x)Qw,xQx,y = δw,yAe.

Hence (q`(x)−`(y)Qx,y) is the inverse of (Qx,y). Now

q`(x)−`(y)Qx,y =
∑

z∈W (e)

Rxz,yAz.

Hence by [19, Theorem 3.1] the unity ê of the orbit algebra H(e) is given by

ê =
∑

x,y∈D(e)
z∈W (e)

Rxz,yAxzey−1 .(24)

For σ = xey−1 ∈WeW in standard form, let

Rσ =
∑
z∈We

Rxz,y.(25)

Remark 3.1. (i) If We = WK , K ⊆ S, then by Deodhar [6], Rσ = RK
x,y. We also

note that the condition xz ≤ y has been studied by Deodhar [7].
(ii) By (2), Rσ 6= 0 if and only if σ is triangular.

By (24), we now have

Theorem 3.2. The unity ê of the generic orbit Hecke algebra H(e) is given by

ê =
∑

σ∈WeW

RσAσ =
∑

σ∈WeW

q−`(σ)RσTσ.
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Now consider ê as an element of H(R) and let

ẽ = ê ·
∏
f∈Λ
f<e

(1 − f̂).(26)

Using the order on Λ and proceeding by induction, beginning with the least element,
we have

Theorem 3.3. (i) The elements ẽ, e ∈ Λ are independent of the order of the
product in (26).

(ii) ẽ (e ∈ Λ) form an orthogonal set of central idempotents of H(R), and hence
H(R) =

⊕
e∈Λ ẽH(R).

(iii) The map Aσ → ẽAσ, σ ∈ WeW , extends to an isomorphism between H(e)
and ẽH(R).

(iv) If I is as in (23), then the natural homomorphism from H(R) to H(R)/I
restricts to an isomorphism between ẽH(R) and H(e). This isomorphism is
the inverse of the isomorphism in (iii).

Remark 3.4. (i) By Theorem 3.2 and [19, Theorem 3.1] we have an explicit isomor-
phism betwen H(e) and Md(H(WK)), where d = |D(e)| and W (e) = We ×WK ,
K ⊆ S. We therefore have a sequence of homomorphisms

H(R) → H(R)/I → H(e) →Md(H(WK)).

Upon specializing q, we see that an irreducible representation of degree n of H(WK)
yields explicitly an irreducible representation of degree nd of HC(M,B). Moreover
every irreducible representation of HC(M,B) is obtained in this manner for some
e ∈ Λ.

(ii) Let Λ = Z[q1/2, q−1/2]. Then as in Theorem 3.3 (but much more easily) Γ[R]
is explicitly isomorphic to a direct sum of orbit algebras Γ0[J

0]. For J = WeW ,
the unity e of Γ0[J

0] is given by

e =
∑

x∈D(e)

xex−1.

If d = |D(e)|, then Γ0[J
0] is isomorphic to Md(Γ[WK ]), where W (e) = We×WK ,

K ⊆ S. Now by Lusztig [13] (or see [3]) we have an explicit isomorphism between
Q(q1/2)[WK ] and H(WK)⊗Γ Q(q1/2). Combining with (i), we have an explicit but
very complicated isomorphism between H(R)⊗Γ Q(q1/2) and Q(q1/2)[R], solving a
problem posed by Solomon [28].

4. Involution

We wish to extend the Kazhdan-Lusztig involution (4) on H(W ) to H(R). By

Theorem 3.3 it suffices to do this for the augmented orbit Hecke algebras Ĥ(e). We
accomplish this by considering the order (1) on WeW and remembering that, by
(5), Ax, (x ∈ W ) is a linear combination of Ay, y ≤ x. If σ = xey−1 in standard
form, then, by (1),

σ ≤ e if and only if x ∈ W (e) and x ≤ y.
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Theorem 4.1. There is a unique extension of the involution on H(W ) to Ĥ(e)
such that

Ae =
∑

z∈W (e)
y∈D(e)

Rz,yAzey−1 .

If σ = set−1 ∈WeW in standard form, then

Aσ = q−`(t)As ·
∑

z∈W (e)
y∈D(e)

Rtz,yAzey−1 .(27)

Proof. Let w0 and v0 denote the longest element in W and W (e), respectively.
Then u0 = w0v0 is the longest element in D(e). Also

`(xw0) = `(w0x) = `(w0)− `(x) for all x ∈ W.(28)

Hence by (3)

Axw0 = AxAw0 and Aw0x = Aw0Ax for all x ∈W.(29)

If σ = set−1 in standard form, then

Aσ = As · q−`(t) ·
∑

z∈W (e)
y∈D(e)

Rtz,yAzey−1

= As · q−`(t) ·
∑

z∈W (e)
y∈D(e)

Rz−1t−1,y−1Azey−1

= As · q−`(t) ·
∑

z∈W (e)
y∈D(e)

Rv0z·z−1t−1,v0z·y−1Azey−1 , by (28)

= As · q−`(t)
∑

z∈W (e)
y∈D(e)

Rv0t−1,v0zy−1Azey−1

= As · q−`(t)Ae ·
∑

z∈W (e)
y∈D(e)

Rv0t−1,v0zy−1AzAy−1 , by (9), (10)

= As · q−`(t)Ae ·
∑

z∈W (e)
y∈D(e)

Rv0t−1,zy−1Av0zAy−1

= As · q−`(t)AeAv0 ·
∑

z∈W (e)
y∈D(e)

Rv0t−1,zy−1AzAy−1 , by (29)

= As · q−`(t)AeAv0 ·
∑
x∈W

Rv0t−1,xAx, by (3)

= As · q−`(t)AeAv0 ·
∑
x∈W

Rv0t−1,w0xAw0x

= As · q−`(t)AeAv0 ·
∑
x∈W

Rx,u0t−1Aw0x

= As · q−`(t)AeAv0Aw0 ·
∑
x∈W

Rx,u0t−1Ax, by (29)
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= As · q−`(t)AeAv0Aw0 · q−`(e)+`(t)Au0t−1 , by (5), (28)

= q−`(e)AsAeAv0Aw0Au0t−1

= q−`(e)AsAeAu−1
0
Au0t−1 , by (29)

= q−`(e)AsAeAu−1
0
Aw0Av0t−1 , by (29)

= q−`(e)AsAeAu−1
0
Aw0Av0At−1 , by (3)

= q−`(e)AsAeAu−1
0
Au0At−1 , by (29).

Hence,

Aσ = q−`(e)AsAeAu−1
0
Au0At−1 .(30)

In particular,

Ae = q−`(e)AeAu−1
0
Au0 .(31)

By (13), (14), (22), we see that

Aex−1Aye = 0 if x, y ∈ D(e), y < x.

Hence, by (3), (5), (9), (10)

AeAx−1AxAe = q`(x)Ae for x ∈ D(e)(32)

and

AeAx−1AyAe = 0 if x ∈ D(e), y ∈W, y < x.(33)

By (31), (32)

Ae ·Ae = Ae.(34)

By (29) we see that for all x ∈W ,

Aw0AxAw0 = Aw0Axw0 = Aw0xw0 = Aw0xAw0 = Aw0AxAw0 .

Hence for all x ∈ W ,

Aw0xw0 = Aw0AxAw0 = Aw0AxAw0 and A2
w0
Ax = AxA

2
w0
.(35)

By (29), (35) we see that for all z ∈W (e),

Au−1
0
Au0Az = Av0Aw0Aw0Av0Az = A

2

w0
A2
v0Az

= AzA
2

w0
A2
v0 = AzAv0Aw0Aw0Av0 = AzAu−1

0
Au0 .

Hence by (5), (10), (31)

AeAz = AzAe, AeAz = AzAe for all z ∈W (e).(36)

If x ∈ D(e), then by (28),

`(u0x
−1) = `(w0v0x

−1) = `(w0)− `(v0x
−1)

= `(w0)− `(v0)− `(x) = `(u0)− `(x).

So, by (3), Au0 = Au0x−1Ax. Hence

AeAx−1 = AeAu−1
0
Au0x−1 for all x ∈ D(e).

So, by (33),

AeAx−1Ae = 0 for x ∈ D(e), x 6= 1.
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So, by (3), (36),

AeAxAe = 0 for all x ∈W \W (e).

By (3), (5), (10), (33), AeAxAe = 0 for x ∈W \W (e). Hence, by (5), (34), (36),

AeAxAe = AeAxAe for all x ∈ W.(37)

By (3), (5), (30), (31), (36),

AxAσ = AxAσ, AσAx = AσAx for all x ∈W, σ ∈ WeW.

It follows from (5), (9), (37) that − : Ĥ(e) → Ĥ(e) is a homomorphism. To complete

the proof we need to show that Ae = Ae. Now, by (5), (31),

Ae = q`(e)AeAu−1
0
Au0

= q`(e)q−`(e)AeAu−1
0
Au0Au−1

0
Au0

= Ae.

This completes the proof.

If x, z ∈W , then we see by induction on `(z) that

AxAz ∈
∑
y≤x
w≤z

`(yw)=`(y)+`(w)

Z[q−1]Ayw.(38)

By (3), (5), (38) and Theorem 4.1, we have

Corollary 4.2. Let σ ∈ WeW . Then there exist Rθ,σ ∈ Z[q], θ ∈ WeW , such

that, in Ĥ(e),

(i) Aσ = q`(σ)−`(e)∑
θ∈WeW Rθ,σAθ,

(ii) Rθ,σ 6= 0 only if θ ≤ σ,
(iii) Rσ,σ = 1.

Problem 4.3. Determine the polynomials Rθ,σ explicitly for σ, θ ∈ WeW . Does
θ ≤ σ imply Rθ,σ 6= 0?

When W (e) = We, Theorem 4.1 can be simplified by the use of the relative
R-polynomials of Deodhar [6, Proposition 2.12].

Corollary 4.4. Suppose W (e) = We = WI , I ⊆ S. Let σ = set−1 ∈ WeW in
standard form. Then s, t ∈ D(e) and

Aσ = q`(s)−`(t)
∑

x,y∈D(e)

R
I

x,sR
I

t,yAxey−1 .

In [12], Kazhdan and Lusztig introduced the now-famous polynomials Px,y ∈ Z[q]
to define a basis

Cy = (−1)`(y)q`(y)/2
∑
x∈W

(−1)`(x)P x,yAx, y ∈W,(39)

of the Z[q1/2, q−1/2]-algebra H(W ) such that Cy = Cy for all y ∈ W . We refer to
[10, Chapter 7] for details.
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Let e ∈ Λ, and let w0 and v0 denote the longest element of W and W (e),
respectively. For σ = set−1 in standard form, let

Cσ = (−1)`(t)q−`(t)/2Cs ·
∑

y∈D(e)
z∈W (e)

(−1)`(yz)Pw0yzv0,w0tv0Az−1ey−1 .(40)

Theorem 4.5. Let e ∈ Λ. Then Cσ = Cσ for all σ ∈ WeW , and they form a
Z[q1/2, q−1/2]-basis of H(e).

Proof. Let σ = set−1 in standard form. Then it is easy to see that

q(`(t)−`(s))/2Cσ −Aσ

is a Z[q1/2, q−1/2]-linear combination of Aθ such that if θ = xey−1 in standard form,
then either y < t or else y = t and s < x. It follows that Cσ (σ ∈ WeW ) form a
Z[q1/2, q−1/2]-basis of H(e). Thus by (39) it suffices to show that, for all t ∈ D(e),
Cet−1 = Cet−1 . So fix t ∈ D(e). Let u0 = w0v0 ∈ D(e). Then, by (28),

w0yv0 ∈ D(e), `(w0yv0) = `(u0)− `(y) for all y ∈ D(e).(41)

For y ∈ D(e) let

Pt,y = q−`(t)/2
∑

z∈W (e)

(−1)`(yz)Pw0yzv0,w0tv0Az−1 .(42)

So, by (40),

Cet−1 = (−1)`(t)
∑

y∈D(e)

Pt,yAey−1 .

Hence by (27)

Cet−1 = (−1)`(t)
∑

y∈D(e)

Pt,y ·
∑

x∈D(e)
z∈W (e)

q−`(y)Ryz,xAzex−1 .

Let

Ry,x = q−`(y)
∑

z∈W (e)

Ryz,xAx.(43)

So

Cet−1 = (−1)`(t)
∑

x,y∈D(e)

Pt,yRy,xAex−1 .

Thus we need to show that, for all x ∈ D(e),

Pt,x =
∑

y∈D(e)

Pt,yRy,x.(44)
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Now by (3), (39), (41),

Cv0t−1w0
= (−1)`(tu0)q(`(u0)−`(t))/2

∑
x∈W

(−1)`(x)P x,w0tv0Ax−1

= (−1)`(tu0)q(`(u0)−`(t))/2
∑

y∈D(e)

 ∑
z∈W (e)

(−1)`(yu0z)Pw0yv0z,w0tv0Az−1

 · Av0y−1w0

= (−1)`(t)q`(u0)/2
∑

y∈D(e)

q−`(t)/2 ∑
z∈W (e)

(−1)`(yz)Pw0yv0z,w0tv0Az−1

 ·Av0y−1w0
.

Substituting v0zv0 for z and using (35), (42), we see that

Cv0t−1w0
= (−1)`(t)q`(u0)/2

∑
y∈D(e)

Av0Pt,yAv0 ·Av0y−1w0
.(45)

So

Cv0t−1w0
= (−1)`(t)q−`(u0)/2

∑
y∈D(e)

Av0Pt,yAv0 ·Av0y−1w0
.(46)

By (3), (5), (41),

Av0y−1w0
= q`(u0)−`(y) ∑

x∈D(e)
z∈W (e)

Rw0xv0z,w0yv0Az−1Av0x−1w0

= q`(u0)−`(y) ∑
x∈D(e)
z∈W (e)

Ryv0,xv0zA
−1
z Av0x−1w0

= q`(u0)−`(y) ∑
x∈D(e)
z∈W (e)

Ryv0z−1v0,xAz−1Av0x−1w0
,

since `(yv0) = `(yv0z
−1v0) + `(v0z)

and `(xv0z) = `(x) + `(v0z)

= q`(u0)−`(y) ∑
x∈D(e)
z∈W (e)

Ryz,xAv0zv0Av0x−1w0

= q`(u0)−`(y) ∑
x∈D(e)

Av0

 ∑
z∈W (e)

Ryz,xAz

Av0Av0x−1w0
, by (35)

= q`(u0)Av0

 ∑
x∈D(e)

Ry,x

Av0Av0x−1w0
, by (43).
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Hence, by (46),

Cv0t−1w0
= (−1)`(t)q`(u0)/2

∑
x∈D(e)
y∈D(e)

Av0Pt,yRy,xAv0Av0x−1w0

= (−1)`(t)q`(u0)/2
∑

x∈D(e)

Av0

 ∑
y∈D(e)

Pt,yRy,x

Av0 ·Av0x−1w0
,

by (35). Since Cv0t−1w0
= Cv0t−1w0

, we see by (45) that (44) is valid. This com-
pletes the proof.

Using (3), (5), (38), we have

Corollary 4.6. Let σ ∈ WeW . Then there exist Pθ,σ ∈ Z[q], θ ∈WeW , such that
in H(e)

(i) Cσ = (−1)`(σ)q(`(σ)−`(e))/2∑
θ∈WeW (−1)`(θ)P θ,σAθ,

(ii) Pθ,σ = 0 if 0 � σ,
(iii) Pσ,σ = 1.

Problem 4.7. Determine Pθ,σ explicitly for θ, σ ∈WeW . Is Pθ,σ 6= 0 for θ ≤ σ?

Remark 4.8. Renner [26] has posed the problem of finding the correct polynomials
Pθ,σ for θ, σ ∈ R. Thus Corollary 4.6 provides a partial solution.

In the special case W (e) = We the polynomials Pθ,σ are related to the relative

Kazhdan-Lusztig polynomials P̃ I
x,y studied by Deodhar [6], [8] and Douglass [9].

Corollary 4.9. Let W (e) = We = WI , I ⊆ S, and let σ = set−1, θ = xey−1 ∈
WeW in standard form. Then s, t, x, y ∈ D(e) and Pθ,σ = P̃ I

x,sP̃
I
w0yv0,w0tv0 .

Combining Theorems 3.3, 4.1 and 4.5, we have

Theorem 4.10. For σ ∈ WeW , let Aσ, Cσ ∈ H(R) be given by (27), (40) respec-
tively. Then:

(i) The map ẽAσ → ẽAσ yields an involution on H(R) extending the involution
on H(W ).

(ii) If C̃σ = ẽCσ, then C̃σ is invariant under the involution in (i), and C̃σ (σ ∈ R)
forms a Z[q1/2, q−1/2]-basis of H(R).
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