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MONOID HECKE ALGEBRAS

MOHAN S. PUTCHA

ABSTRACT. This paper concerns the monoid Hecke algebras H introduced by
Louis Solomon. We determine explicitly the unities of the orbit algebras asso-
ciated with the two-sided action of the Weyl group W. We use this to:
1. find a description of the irreducible representations of H,
2. find an explicit isomorphism between H and the monoid algebra of the
Renner monoid R,
3. extend the Kazhdan-Lusztig involution and basis to H, and
4. prove, for a W x W orbit of R, the existence (conjectured by Renner) of
generalized Kazhdan-Lusztig polynomials.

INTRODUCTION

A monoid analogue of the Iwahori-Hecke algebra [11] was obtained by Solomon
[27]-[29]. In an earlier paper [19] the author studied Solomon’s monoid Hecke al-
gebras by studying the associated orbit algebras. These orbit algebras arise from
the two-sided action of the Weyl group W on the Renner monoid R. In particular,
the coefficients of the unity of the empty level orbit algebra were shown to be R, ,,
where R, , are polynomials introduced by Kazhdan and Lusztig [12]. The other
orbit algebras were also shown to have unities, but their coefficients were only im-
plicitly given. In this paper we give an explicit formula for the unities of all the
orbit algebras, thereby obtaining a description of the irreducible representations of
monoid Hecke algebras. We also obtain an explicit, but very complicated, isomor-
phism between the monoid Hecke algebra and the monoid algebra of R, solving a
problem posed by Solomon [28]. We go on to extend to the monoid Hecke algebra
the Kazhdan-Lusztig involution and basis for the (group) Iwahori-Hecke algebra.
This then immediately yields polynomials Py , for 8,0 in the same W x W orbit
of R, partially solving a problem posed by Renner [26]. These polynomials are still
mysterious; however, in the simplest case they are products of relative Kazhdan-
Lusztig polynomials introduced by Deodhar [6].

1. REDUCTIVE MONOIDS AND MONOIDS OF LIE TYPE

Consider the general linear group G = GL,,(F) over an algebraically closed field
F'. It is the unit group of the multiplicative monoid M = M,,(F') of all nxn matrices
over F'. This monoid has the following structure. The diagonal idempotents form
a Boolean lattice with respect to the natural order of idempotents:

f<e if ef=fe=1f.
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The G x G orbits have a cross-section A of idempotents
o — I. 0
10 0|
These idempotents and hence the G x G orbits are linearly ordered according to

rank. The orbit J, = Ge,G consists of all rank r matrices and gives rise to the
orbit semigroup

J? = Ge,GU{0},

where for a,b € J,,

ab if ab € J,,
a-b= .
0 otherwise.

We also have the orbit monoid
M(J.)=GU JS.

The idempotents in J,. are all conjugate, and hence M (.J,.) is completely determined
by the parabolic subgroups

PT:{g€G|ge7‘:€rger}: {|:61 g:| |A€GLT},

Pr_ = {g S G|€rg = €rg€r} = { |:g g:| |A (S GLT} s

and the natural homomorphisms 64 : P, — GL, and 6_ : P~ — GL,. We write
M(Jy) as M(G, Py, P7,GL,) with 64, _ being understood to be part of the data.
There are two deficiencies with the monoid M. First, only maximal parabolics
arise as P,, and second, the orbit monoids are not submonoids of M. Both of these
drawbacks can be handled by considering the representation 6 of M given by

0(a) = A'(a) ® A%(a) ® --- @ A"(a),

the tensor product of all exterior powers of a. The representation € has the effect
of killing the singular part of M, because (M) = 6(G) U {0}. However, taking
the Zariski closure of 8(M) yields an amazing monoid M. Again there is a G X G
cross-section A of idempotents, but this time A\ {0} is a Boolean lattice isomorphic
to the power set of the Dynkin diagram of G. Moreover, any parabolic subgroup is
associated with a unique orbit monoid, which now is a submonoid of M. Further,
the lattice of diagonal idempotents is the dual of the Coxeter complex.

Both M and M are examples of reductive monoids. The theory of reductive
monoids has been well developed by Renner and the author; cf. [17]. In particular
the author [16] has proved the existence of a cross-section lattice A and has shown
that the orbit monoids are of the form M (G, P, P~, L/K) for some pair of opposite
parabolics P,P~, K «L = PN P~. Renner [24] has shown the existence of the
finite inverse monoid

R = <Wa A>7
where W is the Weyl group of G such that

M= | | BoB,
cER
where B is the Borel subgroup G. We call R the Renner monoid of M.
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The theory of monoids of Lie type is an attempt to accomplish the above for
finite groups of Lie type. Let G be a finite group of Lie type with Weyl group W
and Borel subgroup B. The most convenient definition of a monoid M of Lie type
(with unit group G) is also the most general, and is due to the author [18]. The
definition is simply that all the orbit monoids are of the form

M(G,P,P™,L/K),

where P, P~ are opposite parabolic subgroups, L = PN P~, K < L. These monoids
have been classified by the author [18], [20] using the theory of buildings [30] and
the ideas of Renner and the author [21] for reductive monoids. Renner and the

author [22] obtained an analogue of the canonical monoid M for any finite group
G of Lie type.

Let M be a monoid of Lie type with unit group G. There is again a cross-
section lattice A for the G x G orbits. There is also an analogue of Renner monoid
R = (W, A) such that

M = |_| BoB.
ogER

We refer to [18] for details. We will let < and ¢ denote the Bruhat order and the
length function, respectively, on the Weyl group W; cf. [10]. For e € A, let

W(e) = {x € W|ze = ex},
W, ={z € W|ze =e} <W(e).

Then both W(e) and W, are parabolic subgroups of W, and W(e) is the direct
product of W, and the Weyl group of the unit group of eMe. Let

D(e) = {x € Wlx is of minimum length in W (e)},
D, = {x € W|z is of minimum length in zW,}.
Now
R=||wew,
ecA

and each element o € Well can be uniquely written as

o=xzey ', x € De, y € D(e).

We call this the standard form of o. If wg, vy are respectively the longest elements
of W and W (e), then wgvy is the longest element of D(e). Following Solomon [27],
[29] and Renner [25], we let

£(e) = L(wovy)

and, for o = zey ™!

in standard form,
(o) =L(x) + Le) — L(y).
It is shown in [25] that
(o) =0 if and only if oB = Bo.
If o = zey~! and 0 = sft~! in standard form, then define

(1) c<0 if e<fandz<sw, tw<y for some w e W(f)We,.
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We have shown in [15] that in the analogous situation for reductive monoids, o < 6
if and only if BoB is contained in the Zariski closure of BAB. For this reason we
say that o is triangular if ¢ < 1. Thus, if ¢ = zey~! in standard form,

(2) o is triangular if and only if = <wy.
If c € WeW and 0 € WeW, then
o <0 implies {(o) < {(0).

2. HECKE ALGEBRAS

Let G be a Chevalley group defined over F,, B, B~ opposite Borel subgroups of
G, T=BNB~,B=UT, B~ =U"T, and W the Weyl group of G with generating
set S of simple reflections. If z € W, let  denote a coset representative in G. Let

1
beB
The Iwahori-Hecke algebra
Hc(G) = He(G, B) = €C[Ge

is a semisimple algebra that is isomorphic to C[W] by a theorem of Tits (cf. [1],
[4]). Clearly Hc (G, B) has a basis

A, = exe, zeW.

This basis is normalized as

T, = qé(w)Aw, xzeW.
With respect to this basis, Iwahori [11] showed that the structure constants are
integer polynomials in ¢, depending only on W. In particular,
(3) Ty =T,T,, Azy=AzA, if U(zy) = L(x) + L(y).
One can therefore consider the generic Hecke algebra H(W) with basis T, (z € W)
over Z[q1/2, q_1/2], where ¢ is now being treated as an indeterminate. Specifying ¢

and tensoring with C, one recovers He (G, B). Kazhdan and Lusztig [12] introduced
an involution on H(W) given by

(4) ql/Q = q_1/27 Tﬂc = Tm_fll = Z q_e(y)ﬁy,mTyy
yeW

where Ry, = Ry ,(q) € Z[g]. These polynomials are nonzero exactly when y < z,
and have been studied in detail by Deodhar [5]. We see by (3) that

(5) A, =AY =¢" @ > R, .A,
yeWw

Now let M be a monoid of Lie type with unit group G, cross-section lattice A
and Renner monoid R. We let C[M] denote the complex monoid algebra of M.
By a result of Okninski and the author [14], C[M] is always semisimple. Following
Solomon [27]-[29], we introduce the monoid Hecke algebra

Hc(M) = Hc(M,B) = E(C[M]é.
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Since C[M] is semisimple, so is Hc(M, B). Using this fact, Solomon [27], [29] has
proved that Hc(M, B) = C[R]. This algebra has been further studied by the author
[19]. Clearly, Hc(M, B) has a basis,

A, = €0k, o€ R.
Following Solomon [27], [29], we normalize this basis as
T, =q¢"?A,, oc R
Fix e € A. Then for some I C S we have W(e) = W; and
P; = {x € Gl|xe = exe},
(6)

Let L = PiNP; . So P = LUy and P; = LU; , where Uy and U; are the unipotent
radicals of Pr, and P, respectively. Then Ure = eU; = {e} and B = BNLisa
Borel subgroup of L. By [1, Propositions 2.3.3 and 2.5.15],

(7) yBry™ ' C B,y 'By C Uy B forally e D(e).
Hence, for all y € D(e),

P ={z € Glex = exe}.

A1 Ay = ey leye = eee = A,.
So
(8) Aey-1 = AEA;1 = A A, forally€ D(e).
Let x € W. Then for b € B, be = eby for some by € By,. So for y € D(e),

exbey le = exebyy e

1 1

“ybiy” €
=exey 'e, by (7).

Thus Az Acy—1 = Ayey—1. So by (8),

9) Apey—1 = AgAcA,~1 forz € W, y € D(e).

Now let

= exey

1 1
61=m2b, 62:WZU.

beBL u€UT
Then € = €169 = €3¢1. So for z € W{(e),
A, A, = ezcee = ezee = eeze
= €CZE9€ = €CE22€ = €€1€€22€ = €CE1€32€
=AA,.
So, by (9),
(10) A, = A A = AA, for z € W(e).
Now let e, f € A and 2 € W. Then x = zy~! for some z € W(e) and y € D(e). So
A AL Ay = A A A1 Ay, by (3)
=A.AA, 1Ay, by (5), (10)
= A:Acy Ag, by (8)
— A
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So by (5), (9), (10), we have

Theorem 2.1. The structure constants of Hc (M, B) with respect to the basis A,
(0 € W) and hence with respect to the basis T, (0 € w) are integer Laurent poly-
nomials in q, depending only on R.

Remark 2.2. Solomon [27], [29] has actually proved much more. He showed that
H¢ (M, B) has a presentation given by

qTy if (so) = {(0),
TT, =< Tso if £(so) = L(0) + 1,
qTso + (¢ — DT, if U(so) =4(0) — 1,

T,T, = qé(a)_é(ua)Tua
for se€ S, o,v e R, L(v)=0.
Because of Theorem 2.1 we can consider the generic monoid Hecke algebra H(R)
with basis A, (0 € R) or equivalently T, (0 € R) over Z[q'/?,q~/?], where ¢ is

now being treated as an indeterminate. Specifying ¢ and tensoring with C, one
recovers Hc (M, B).

3. ORBIT ALGEBRAS

The idea here is very simple and is a key ingredient of semigroup representation
theory (cf. [2, Chapter 5]): If 7 is an ideal of a semisimple algebra A, then A =
I A/T. Let M be a monoid of Lie type with unit group G, cross-section lattice A,
Weyl group W and Renner monoid R. Since C[M] is semisimple by [14], we have

(11) ClM] = P Col 1),
J

where the summation is over the G' x G orbits J and Co[J°] is the contracted semi-
group algebra; i.e. the zero of J is the zero of the algebra. Making the isomorphism
in (11) explicit is a difficult open problem. For a G x G orbit J, let

Hc(J) = He(J, B) = €ColJ e

Call this an orbit Hecke algebra. As in (11), if we use the natural order on A and
proceed inductively, beginning with the least element of A, we have

(12) HC(MvB) g@HC(JvB)v
J

where the summation is over the G x G orbits J. We will make the isomorphism
in (12) explicit in Theorem 3.3. We note that Hc(J, B) is an ideal of Hc(M, B)/Z,
where

=Y Hc(J,B).
Jr<J
Hence
ﬁC(J) = ﬁC(JvB) = HC(Ja B) + HC(GaB)

is a subalgebra of Hc(M, B)/Z. We call it the augmented orbit Hecke algebra. Now
fix e € A and let J = GeG. Let I C S, Pr,P;, L, By, be as in (6). The author [19,
Section 2] has shown that if z,y € D(e), then, in Hc(J),

(13) AemflAye = Qr,yAev
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where

lt~'ByNU; BLwB|
vy = g Ay
(14) Q ) |B|
weW (e)

Let P = Pr and P~ = P;, and consider the natural map
¢: P P=UjLU; — L.
If w € W(e), then
¢(BwB) =BywBy = | | (BjwBLNBLzBL).
z€W (e)
Let 2,y € D(e). Then by (7)
(15) Bra™'ByBp =2~ '-a2Bra™' - B-yBry™' -y Cax ' By.

Let z,y € D(e), z,w € W(e), a € 27 'By N B~wB be such that £(a) € BrzBy,.
Then BrzBr, = Bré(a)Byr. Let bi,bs € By, be such that bi§(a)bs € B, wBr,. Now
by (15), byabs € x7'By. Also a = v€(a)u for some v € U; , u € Ur. So

brabs = byv€(a)uby
= bywb] ' - bi&(a)by - by Luby
€ U; B,wBLU;r
=B wB
and £(braby) = b1&(a)be. Thus, for z,y € D(e) and z,w € W(e),
BrzBrNé(x~'Byn B~ wB) # @
implies
BrzBr, N B;wBr C &z 'Byn B~ wDB).
For z,w € W(e), let
X.w=a2"'Byn¢ Y (BrzBr, N B;wBy).
Then
(16) X.w#@ implies &(X..)= BrzBrNB,wBr.

Suppose X ., # &, and let a € X, ,,. Then {(a) = b12bs for some by, by € By, Let
¢ € X, be such that {(a) = £(c). Then for some v € U, , u € Uy,

¢ = vb12bou

= by - by toby - £ - bouby b - by

= biv12urby  with vy = bl_lvbl eU;, u1 = b2ub2_l e U;.
Also by (15)

viZuy = by tebyt € by e Byby' C 27 By.
Thus
V12U € x_lBy NU; 2U;.
Conversely, if v1 € Uy, uy € Uy with vi2u; € 27! By, then by (15),
¢ = biv1Zurby = byvi byt byzby - by tuiby € 27 P By N U €(a)Ur.
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Hence, ¢ € X, ,, and £(a) = &(c). Thus each fibre of £ restricted to X, . has
cardinality |z~!By N U; 2U;|. Hence by (16)

X.w#@ implies |X,.|=|BrzBrNB;wB|-|U; 2Ur Nz~ ' By|.

Now suppose BrzBr, N B wBy, # @ and U; 2U; Nz~ 'By # @. Then for some
v € Uy and u € Uy we have viu € 2~ 'By. Also for some b € By, b3 € By wBr.
Then by (15)

bviu=bob~ " bi-u€ X, ,.
So X, ., # <. Hence in all cases

|X..w| = |BrzBr N BywBy| - Uy 2Ur Nz~ Byl

Thus
27 ' Byn B wB| = > [X..|
(17) zeW (e)
= > |BLzBLNBywBy|-|U; 2Ur Nz Byl.

2EW (e)

Now by [12], [5]
|BrzB, N B;wBy| = Ry .| By,
and by (15)
|B| - |U; 2UrNa™'By| = |U; BpzU; N o~ By|
= ¢ '®|U; BLzB Nz~ By).

Hence
(18) |BrLzBr, N By wBL| - |U; 2U; Na~ ' By|

= q_é(z)Rw,lel_BLZB Nz~ !Byl

By [12], the inverse of the matrix (¢ ‘®)R,, ) is ((—1)4&)+(w)gtwI R ). Thus by
(17), (18)

(19)  |Uf BowBNa 'By|=¢" ™. Y (—1)/@HWIR, B 2BNa ! By.
zeW (e)
Let z€ W(e), U, =U"NB,, U, =UNBg, and
X ={veU;|wz"t €U, },
Y ={veU;|wz"t € UL}.
Then
t'Byn B~ zB=x2"'BynU;U; 2B
=2"'BynU; 2XB
za:_lByﬂzUI_XB
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and
|z~ 'ByNzB~B| = |x"'Byn2U;U; B|
=|z"'BynU;2U; B
1 #YL
=z 'BynU; 2YXB
I
=z 'BynU;2Yz"' - 2XB|
=27 'BynzYz"' U7 2XB|
=|2Yz7Y - [z 'BynU; 2XB|, by (15)
=¢"® 2By n U7 X B
=¢'®|2"'Byn B~ zB|.
Hence
(20) |z 'By N zB~B| = ¢"®|z7'Byn B~ zB|.
By [19, Theorem 2.4]
|t 'BynzB~B|=|z"'27'Byn B~ B|
_|B|. "=~ WR,
Hence, by (20)
(21) e~ 'ByN B~ 2B| = |B| - ¢"")*WR,. .
So by (14), (19), (21),
(22)  Quy= 3 @ Y (C1)fRH@EOR, R A,
weW (e) z€W (e)
Now consider the generic monoid Hecke algebra H(R). Fix e € A and let
(23) I= Y 7g? ¢4,

cEW W
f<e

Then the orbit Hecke algebra
Hie)= > Zlg"*q 4,

ceWeW
is an ideal of H(R)/Z. Again we call

H(e) = H(e) + H(W)

the augmented orbit Hecke algebra. R R
Since (13), (22) are valid for all ¢, they are valid in H(e). Now in H(e),

Qw,y — qf(w)—f(y) Z sz;y Z (_1)€(Z)+Z(w)q€(w)Rw)ZAw

zeW (e) weW (e)
— @ S R Y OR, A,
zeW (e) weW (e)

_ @) Z Ry.yA., by (5).
ZEW(E)
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By [19, Theorem 3.1], the unity of H(e) is obtained by inverting the matrix (Qy,y)-
Now for y € D(e) we have

Ay = q—Z(y) Z Rw7yzwa by (5)
weW

:q—é(y) Z Z er,yzmz

zeD(e) zeW(e)

So, for z € D(e),
Zm = Z qe(w)Aw@w,m'
weD(e)

Hence

Ay: Z Z qg(w)_g(m)A’w@w,mQLy

z€D(e) weD(e)

= Z Aw Z q@(w)—@(i)@w@Qz,y

weD(e) z€D(e)
Thus, for y,w € D(e),
Z qe(w)_g(m)@w@Qw,y = Ou,yAe.
z€D(e)
Hence (qé(w)_é(y)am)y) is the inverse of (@, ). Now
qeu)—e(y)@M — Z RuzyA..
z€W (e)
Hence by [19, Theorem 3.1] the unity é of the orbit algebra H(e) is given by
(24) é= Y RazyApocyr

z,yeD(e)
z€W (e)

For o = wey~!' € WeW in standard form, let
(25) Ry = 3 Rezy.
zeWe

Remark 3.1. (i) If W, = Wk, K C S, then by Deodhar [6], R, = RE,. We also
note that the condition zz < y has been studied by Deodhar [7].
(ii) By (2), R, # 0 if and only if o is triangular.

By (24), we now have
Theorem 3.2. The unity é of the generic orbit Hecke algebra H(e) is given by

é= Z R,A, = Z q_e(a)}_%ng.

ceWeW ceWeW
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Now consider é as an element of H(R) and let

(26) e=e-JIJa-h.

feA

f<e
Using the order on A and proceeding by induction, beginning with the least element,
we have

Theorem 3.3. (i) The elements €, e € A are independent of the order of the
product in (26).

(ii) € (e € A) form an orthogonal set of central idempotents of H(R), and hence
H(R) = @, H(R).

(iii) The map Ay — €A,, 0 € WeW , extends to an isomorphism between H(e)
and eH(R).

(iv) If T is as in (23), then the natural homomorphism from H(R) to H(R)/T
restricts to an isomorphism between éH(R) and H(e). This isomorphism is
the inverse of the isomorphism in (iii).

Remark 3.4. (i) By Theorem 3.2 and [19, Theorem 3.1] we have an explicit isomor-
phism betwen H(e) and My(H(Wk)), where d = |D(e)| and W(e) = W, x Wk,
K C 5. We therefore have a sequence of homomorphisms

H(R) — H(R)/T — H(e) = Ma(H(WKk)).

Upon specializing g, we see that an irreducible representation of degree n of H(Wk)
yields explicitly an irreducible representation of degree nd of H¢ (M, B). Moreover
every irreducible representation of H¢ (M, B) is obtained in this manner for some
e € A.

(ii) Let A = Z[¢"/?,¢q~'/?]. Then as in Theorem 3.3 (but much more easily) T'[R]
is explicitly isomorphic to a direct sum of orbit algebras I'y[J°]. For J = WeW,
the unity e of I'g[J°] is given by

If d = |D(e)|, then T'y[JY] is isomorphic to My(T[Wk]), where W (e) = W, x Wk,
K C S. Now by Lusztig [13] (or see [3]) we have an explicit isomorphism between
Q(q"/*)[Wk] and H(Wk) ®r Q(¢*/?). Combining with (i), we have an explicit but
very complicated isomorphism between H(R) ®@r Q(¢*/?) and Q(¢'/?)[R], solving a
problem posed by Solomon [28].

4. INVOLUTION

We wish to extend the Kazhdan-Lusztig involution (4) on H(W) to H(R). By
Theorem 3.3 it suffices to do this for the augmented orbit Hecke algebras ﬁ(e). We
accomplish this by considering the order (1) on WeW and remembering that, by
(5), Ay, (x € W) is a linear combination of Ay, y < z. If ¢ = zey™! in standard

form, then, by (1),

oc<e ifandonlyif x€ W(e)andz <y.
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Theorem 4.1. There is a unique extension of the involution on H(W) to H(e)

such that
Z Rz yAzey
z€W (e)
yeD(e)
If 0 = set™* € WeW in standard form, then
(27) Zo _é(t Z th yzey—1-
zeW (e)
yeD(e)

Proof. Let wo and vy denote the longest element in W and W (e), respectively.
Then up = wovp is the longest element in D(e). Also

(28) L(zxwg) = L(wox) = L(wg) — l(x) for all z € W.
Hence by (3)
(29) Agwy = ZzAwo and  Aypz = AMOZI for all z € W.

If 0 = set™! in standard form, then

Zo = Z —E(t Z th Wilzey—

zeW (e)
y€D(e)
ZZS . q_é(t)- Z Rz 1¢—1, 1Azey
zeW (e)
y€D(e)
= ZS : q_é(t) : Z Evoz-zfltfl,voz-yflAzeyfl7 by (28)
zeW (e)
y€D(e)
= Zs : q_E(t) Z Evot*1,1;oz‘y*114zey*1
zeW (e)
y€D(e)
— A, g4, Z Ryyt—1 womy-1AzAy—1, by (9), (10)
zeW (e)
y€D(e)
— A, g4, . Z Rygi—1 2y—1Au,2Ay—1
zeW (e)
y€D(e)
= Zs ' q_e(t)AeAvo ' Z Evotfl,zyflzzzyflv by (29)
zeW (e)
y€D(e)
=A, " WAAL, - Y Rug-1.04s, by (3)
zeW
= ZS . q_e(t)AGA'UO . Z E’Uotfl,wgmzwf)z
zeW
= Zs : q_e(t)AeAvo : Z Em,uotflzwow
zeW
= A, O A A Ay, - Z Ry wot-—1 Az, Dby (29)
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= A, DA A Ay g OHOA, 1 by (5), (28)
= A AA Ay Ay

= ¢ "AAA, Ay, by (29)

= ¢ O AAA, 1 Ay Ay, Dy (29)

= ¢ AAA, Ay Ay A, by (3)

_ q‘“e)ZsAeZugl_qutflv by (29).

Hence,
(30) Ay =g OAAA, Ay A
In particular,
(31) A, = q—“@)AeZualZuo.
By (13), (14), (22), we see that
Ap—1Aye =0 ifz,ye De), y <.

Hence, by (3), (5), (9), (10)

(32) AA, 1A A, =" @A, for z e D(e)
and

(33) AcAy-1A A, =0 ifzeDie), yeW, y<u.
By (31), (32)

(34) A, A A

By (29) we see that for all x € W,

Ao Az Ay = Ay Avwy = Awpzw, = Awoz Awy = Awy Az Ausy -
Hence for all z € W,
(35) Avgzwy = Awy AsAwy = AwgAgAw, and AL A, = A A2 .
By (29), (35) we see that for all z € W(e),

A Ay Ay = Ay Ay Ay Ay A, = Ao A2 A

Augl wo vy Az
= A A2 = A Ay Ay, Ay Ay = A Ay,

Hence by (5), (10), (31)
(36) AA, = A A A A, = A A, forall z€ Wi(e).
If z € D(e), then by (28),

C(uoz™) = L(wovoz ™) = £(wo) — L(vox ™)

= L(wg) — L(vg) — £(xz) = L(ug) — £(x).
So, by (3), Ay, = Auge-14,. Hence
A A, = A@Zualzqu for all z € D(e).

So, by (33),
A A, 1A, =0 forx e De), v #1.
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So, by (3), (36),
A AL A, =0 forallz e W\ Wi(e).
By (3), (5), (10), (33), AcA A, =0 for z € W\ W(e). Hence, by (5), (34), (36),
(37) A A A, =A A A, forallzeW.
By (3), (5), (30), (31), (36),
A A, = A A, A A, =A, A, forallz e W, o € WeW.

It follows from (5), (9), (37) that ~ : H(e) — H(e) is a homomorphism. To complete
the proof we need to show that A, = A.. Now, by (5), (31),

je = qe(e)ZEAualAuo
= q‘f(e)q_e(@)AeZungquual Auo
= A..
This completes the proof.

If x,z € W, then we see by induction on £(z) that

(38) A A, € > Zlg Y Ay
y<z
w<z

L(yw)=£(y)+£(w)

By (3), (5), (38) and Theorem 4.1, we have

Corollary 4.2. Let 0 € WeW. Then there exist Rp.» € Z[q], 0 € WeW, such
that, in H(e),

(i) ZU = qf(a)—é(e) ZQGW@W E070'A0;

(i) Ro,c #0 only if 0 < o,

(i) Ryo =1.

Problem 4.3. Determine the polynomials Ry , explicitly for 0,60 € WeWW. Does
6 < o imply Ry, # 07

When W(e) = W,, Theorem 4.1 can be simplified by the use of the relative
R-polynomials of Deodhar [6, Proposition 2.12].

Corollary 4.4. Suppose W(e) = W, = Wi, I C S. Let 0 = set™t € WeW in
standard form. Then s,t € D(e) and

A, = qé(S)_Z(t) Z }_%i,s}_%f,yAwey*1 .
z,yeD(e)

In [12], Kazhdan and Lusztig introduced the now-famous polynomials P, ,, € Z[q]
to define a basis

(39) Cy = (_1)€(y)q€(y)/2 Z (_1)f(w)ﬁm)y14w’ yew,
rzeW

of the Z[q'/2, q~'/?]-algebra H(W) such that C, = C, for all y € W. We refer to
[10, Chapter 7] for details.
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Let e € A, and let wy and vy denote the longest element of W and W(e),
respectively. For o = set™! in standard form, let

(40) CU = (_1)E(t)q_E(t)/QCs : § (_1)Z(yz)ﬁwoyzvo7w0tv0Az*15y*1~
y€D(e)
zeW (e)

Theorem 4.5. Let e € A. Then C, = Cy for all 0 € WeW, and they form a
Z[q"?, q=/?]-basis of H(e).

Proof. Let 0 = set™! in standard form. Then it is easy to see that
qUO—tEN2o 4,

is a Z[q'/?, ¢~ 1/?]-linear combination of Ay such that if § = ey~ in standard form,

then either y < ¢ or else y = ¢ and s < x. It follows that C, (0 € WeW) form a
%[qlm, q~'/?]-basis of H(e). Thus by (39) it suffices to show that, for all t € D(e),
Cet-1 = Cy—1. So fix t € D(e). Let ug = wovg € D(e). Then, by (28),

(41) woyve € D(e), Llwoyve) = £(ug) — £(y) for all y € D(e).

For y € D(e) let

(42) Pt,y = q_E(t)/Q Z (_1)£(yZ)FwoyZU0,wotvoAz*1'
z€W (e)

So, by (40),

Cet—1 = (_1)€(t) Z PryAcy—1.

y€D(e)

Hence by (27)

6@,571:(—1)“” Z ft)y' Z q_e(y)ﬁyz,mAzemq.

yeD(e) z€D(e)
zeW (e)
Let
(43) Ryo=a® Y Fpord,
zeW (e)
So

Corr = (=1 " PryRysAcar.

z,yeD(e)

Thus we need to show that, for all © € D(e),

(44) Pio = Z ftyRyac

yED(e)
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Now by (3), (39), (41),

Cvotflwo = (_1)€(tUO)q(Z(UO)_Z(t))/Z Z (_1)€(1)?w,wotvko*1
zeW

:(_1)£(tuo)q(£(uo)—f(t))/2 Z Z (_1)e(yuoz)ﬁwoyvoz,wotngz*1 'Avoyflwo
yED(e) [zEW (e)

:(_1)e(t)qe(uo)/2 Z g t0/2 Z (_1)£(yz)ﬁwoyvoz,wowoz4fl Aoyt
y€D(e) 2€W (e)

Substituting vozv for z and using (35), (42), we see that

(45) Cvotflwo = (_1)é(t)qé(u0)/2 Z ZvotptyAvo 'Avoy*1w0~
y€D(e)

So

(46) Clogt—1wy = (1) g7 2N 4, Py Ay - Ayt
y€D(e)

By (3), (5), (41),

L(ug)—~
Avoyﬂwo =q (uo)—£(w) E Rworvoz,woyvoAZ*lAvowflwo

z€D(e)
zeW (e)

_ qé(uo)—f(y) Z EyvmwvozAz_lAyogg*lwo

z€D(e)
zeW (e)

qu(uo)_e(y) Z Ryvnglvo,mAzflAvoz’lwo’

z€D(e)
zeW (e)

= U(yvoz " vg) + £(vp2)
and £(zvoz) = £(z) + £(voz)

= ql(uo)—i(y) Z Ryz,zAvozvoAvom*1w0

z€D(e)
z€W (e)

since £(yvo

—_— —
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Hence, by (46),

Cvgtflwo = (_l)é(t)qf(uo)/Q Z Avoﬁt,yRy,zngAvnglwg

z€D(e)
yeD(e)

:(_1)Z(t)q5(uo)/2 Z Zvo Z 5if,y’R/y,x Avg'Avgz*1w07

z€D(e) yeD(e)

by (35). Since Cypyi—1wy = Clypi—1wys We see by (45) that (44) is valid. This com-
pletes the proof. O

Using (3), (5), (38), we have

Corollary 4.6. Let 0 € WeW. Then there exist Py, € Z[q], 0 € WeW, such that
in H(e)

(i) Co = (_1)£(U)q(£(g)_e(e))/2 ZeeWeW(_l)e(e)?O,oAO;

(i) Pro=0if0 40,

(ii) Pyq = 1.

Problem 4.7. Determine Py , explicitly for §,0 € WeW. Is Py, # 0 for § < o7

Remark 4.8. Renner [26] has posed the problem of finding the correct polynomials
Py, for 0,0 € R. Thus Corollary 4.6 provides a partial solution.

In the special case W(e) = W, the polynomials Py , are related to the relative
Kazhdan-Lusztig polynomials P;)y studied by Deodhar [6], [8] and Douglass [9].

Corollary 4.9. Let W(e) = W, = W;, I C S, and let o= 5~et_1,9 =zey~ ! €
WeW in standard form. Then s,t,z,y € D(e) and Py, = P P!

x,8" WoyYvo,wotvg *

Combining Theorems 3.3, 4.1 and 4.5, we have

Theorem 4.10. For o € WeW, let A,,C, € H(R) be given by (27), (40) respec-
tively. Then:

(i) The map éA, — €A, yields an involution on H(R) extending the involution
on H(W).

(ii) If Cy = éC,, then C, is invariant under the involution in (i), and Cy (o € R)
forms a Z[q*/?,q~'/?]-basis of H(R).
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